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Abstract
Most modern Kohn–Sham density functional theory algorithms utilize atom-centered numerical quadrature techniques for integration. To take advantage of the Fourier Transform Coulomb method in the Q-CHEM package, which utilizes an evenly-spaced Cartesian
grid to perform highly eﬃcient numerical integration, divided diﬀerence interpolation is explored as a means of translating the electron
density and its gradients from the Cartesian grid to atom-centered grid points. Aspects of accuracy, error control through the use of the
grid density, and eﬃciency estimations are explored and the method is shown to provide an accurate means to link the FTC method and
numerical DFT integration.
Ó 2005 Elsevier B.V. All rights reserved.

1. Introduction
It is well known that Kohn–Sham density functional
theory (KS-DFT) is by far the most widely applied
method in the toolkit of quantum chemical calculations.
Many eﬀorts have been made to improve the eﬃciency
of KS-DFT algorithms in an attempt to ever increase
the applicability of the method to larger molecular systems [1–5].
Recently, Füsti-Molnár et al. [6–8] has put forth the
Fourier Transform Coulomb (FTC) method and implemented it in conjunction with the J-Engine and Continuous
Fast Multipole (CFMM) Method in the Q-CHEM [9] computational chemistry package [1]. The method utilizes a
Cartesian based grid to perform a numerical integration
procedure for certain basis function pairs, taking advantage of the fact that many of the pairs are suﬃciently
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smooth to be described in this manner. There are two
advantages to the FTC method that could be applicable
to KS-DFT integration techniques: the division of Gaussian shell pairs into ÔsmoothÕ and ÔsharpÕ categories based
on their combined exponent and other more sophisticated
methods, and an incredibly fast algorithm for computing
the density of a molecule on a Cartesian grid. It is also
important to note that if the density computed for the
determination of the Coulomb integrals is used in the
KS-DFT procedure, great increases in eﬃciency could
readily be gained. While most modern KS-DFT algorithms
involve solving the so-called exchange-correlation functional through numerical integration over atom-centered
grids, combining concepts from FTC could provide large
improvements in eﬃciency.
Using Cartesian grids for KS-DFT integration has been
attempted before by Challacombe [10] with the HiCu
method. The numerical integration in this technique used
an adaptive cartesian grid and it was found that a large
number of points were needed near the atomic centers to
achieve decent accuracy. So it would be advantageous to
try developing a method that uses a mixture of the atomcentered and the Cartesian grid.
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A possible road to the combination of Cartesian and
atom-centered grids is to translate information between
the two. To be more relevant to the current problem, it is
possible to take the electronic density already determined
by the FTC procedure for the same shell pairs to approximate the density at points on the atom-centered grid.
Three-dimensional polynomial interpolation over evenlyspaced sampling points provides a framework for translation. It is also important to be able to handle other values
of the density, such as gradients, so that the entire spectrum
of functionals are available. Albeit in a diﬀerent context, a
similar approach is used by Lee et al. [11] to perform a realspace multigrid integration procedure in solid-state KSDFT to facilitate the use of a coarse grid.
Further complications arise in determining the exchangecorrelation ÔFockÕ matrix elements, for the total density is
needed and therefore direct mixing of the Cartesian and
atom-centered grids is diﬃcult. This problem is addressed
in recent work by Kong et al. [12] unveiling the multiresolution exchange-correlation (mrXC) method which solves this
diﬃculty using a similar approach as is taken in this work.
To assess the viability of such an idea, the accuracy of
three-dimensional interpolation as it applies to approximating the electron density of molecular systems in a ﬁnite
basis is explored. In order to get a handle on the ranges of
exponents in which interpolation is accurate preliminary
study of its use in one-dimension for Gaussian basis functions is undertaken. Then actual molecular densities and
their gradients will determined with three-dimensional
polynomial interpolation with an eye toward accuracy
and the sheer number of shell pairs that can be considered.
2. Theory and implementation
2.1. Computing electron density in KS-DFT
The computation of the electron density and its gradient
in a ﬁnite basis has been described elsewhere [13] and will
be reviewed brieﬂy here to facilitate the following discussion. The molecular exchange-correlation energy is determined by integrating the functional of the density and its
variables (e.g. gradients)
Z
XC
E ¼ f ðqa ; qb ; caa ; cbb ; cab Þdr;
ð1Þ
2

caa ¼ jrqa j ;

cab ¼ rqa  rqb .

ð2Þ

In practical KS-DFT computations, the electron density
is expanded in a ﬁnite set of basis functions so that:
X
P alm /l /m ;
ð3Þ
qa ¼
lm

rqa ¼

X

P alm rð/l /m Þ;

ð4Þ
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The exact form of the functional used in the integral
from Eq. (1) is at present unknown and several approximate forms have been proposed [14–17]. These functionals
are of such a complicated nature that generally analytic
integration is not practical or even possible, and therefore
numerical grid techniques are employed. The most common method, and the one currently used in the Q-CHEM
package [9], is a decomposition of the molecular integral
to several atom-centered integrals using some weighting
scheme based on atomic loci [18]. The atomic integrals
are then evaluated by separation into radial and angular
portions, where the radial part can be approximated via
several types of quadrature [5,19,20] and the angular part
is handled with Lebedev spherical methods [21–24]. So in
eﬀect, several atom-centered quadrature grids are deﬁned
for the molecule and the value of the functional is sampled
at each of these grid points.
It is apparent that in order for this numerical quadrature
to proceed, the electron density and its gradients must be
determined at each point on the grid. Once the individual
basis function values are sampled at given grid point, the
formulas for the density and its gradient at that point are
easily shown to be:
X
qa ðrig Þ ¼
P alm /l ðrig Þ/m ðrig Þ;
ð5Þ
lm

rqa ðrig Þ ¼

X

P alm rð/l ðrig Þ/m ðrig ÞÞ.

ð6Þ

lm

Computing these values on an atom-centered numerical
grid is carried out essentially by computing the value of the
basis functions at grid point and then contacting these values with the density matrix elements. Since the density is
expanded in terms of atom-centered functions, these types
of numerical grids do an excellent job for a relatively modest number of points [4]. In terms of algorithm eﬃciency
though, it is diﬃcult to make this scheme eﬃcient. In contrast, an evenly-spaced Cartesian grid, while consisting of
far greater number of integration points, can be made
highly eﬃcient because each point lies along the same
Cartesian coordinates as several others. So the cubature
can be written into an algorithm in such a way as to reuse
the x, y, and z coordinates for several density values.
In order to compute the value of the Coulomb energy
for a molecular system, the FTC method needs to compute
the electron density on an evenly-spaced Cartesian grid,
and can be formulated to eﬃciently determine the gradient
of the density on the same grid. It would certainly be
advantageous to reuse these values to increase the eﬃciency
of the atom-centered algorithm. In order to accomplish
this, a method must be developed that translates the information from the Cartesian grid.

lm

with similar formulas for qb. P alm is an element from the spin
density matrix, which translates the ﬁnite basis functions to
the so-called Kohn–Sham orbitals that are determined by a
self-consistent procedure.

2.2. Divided diﬀerence interpolation
The translation of values from evenly-spaced Cartesian
grid points to the atom-centered grid is facilitated through
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the use of interpolation. The electron density (and itÕs gradients) are viewed as a three-dimensional function, Cartesian values can be thought of as series ÔknotsÕ to be used
in determining three-dimensional interpolating polynomials that can approximate the values within its boundaries.
(i.e. within the box formed by the Cartesian points) Since
the points from the atom-centered numerical grid are contained within, interpolation from the sampling of the density on the Cartesian grid can be used.
There are several interpolation schemes that can be used
for this purpose. The requirements on a method for the
current purposes would be: reasonable accuracy so as not
to destroy the accuracy of the overall numerical integration; uses only the value of the functions at the interpolation ÔknotsÕ so that analytic gradients of the functions
need not be evaluated; use evenly-spaced knots since our
interpolating points come from such a grid; understandable
error control that can be manipulated through one or two
parameters, and the algorithm for interpolation should be
very eﬃcient. It was determined that divided diﬀerence
polynomial interpolation was the technique that best ﬁts
these requirements.
Polynomial interpolation is an approximate method that
represents a function through a ﬁnite order polynomial
obtained through sampling the function at known points
[25]. Divided diﬀerence interpolation uses a polynomial
derived from a numerical Taylor expansion about an initial
coordinate.
f ðxÞ  f ½x0  þ ðx  x0 Þ  f ½x0 ; x1 
þ ðx  x0 Þðx  x1 Þf ½x0 ; x1 ; x2 
þ . . . ðx  x0 Þ . . . ðx  xn1 Þf ½x0 ; . . . ; xn ;

ð7Þ

with
f ½x0 ; x1 ; . . . ; xn  ¼

f ½x1 ; . . . ; xn   f ½x0 ; . . . ; xn1 
.
xn  x0

ð8Þ

This expression can be computed via regression in a very
eﬃcient fashion with the generalization to three dimensions
being easy to derive and implement from there.
This interpolation method ﬁts all of the criteria mentioned above: it can be very accurately applied to Gaussian-like functions; only the functions need to be
evaluated at each interpolation knot; it can be formulated
with evenly-spaced samplings to coincide with the FTC
method; it will be shown that the error can be controlled
by one parameter; and it can be computed very eﬃciently.
A word about error control, the form of the error from
divided diﬀerence interpolation is well known.
EðxÞ ¼

1
f ðnþ1Þ ðgÞpðxÞ;
ðn þ 1Þ!

ð9Þ

where n is the order of interpolation, f (n + 1)(g) is the n + 1
derivative of the function interpolated over an interval g inside the interval x0 to xn, and p is a product function of differences in the distance between knots:
pðxÞ ¼ ðx  x0 Þðx  x1 Þ . . . ðx  xn Þ.

ð10Þ

This shows that there are three factors that control the
error in this interpolation scheme: the shape of the derivative of the function, the order of interpolation, and the distance between interpolation points. The shape of a
Gaussian function and itÕs derivatives will depend mostly
on the exponent that is used. Fig. 1 shows the error in interpolating one-dimensional s-, p-, and d-type Gaussian functions with varying exponents and interpolation orders. The
ﬁgures show that for a large range of exponents, using
interpolation is eﬀective and that as angular momentum
is added (which in turns mimics the derivatives of the functions) the error proﬁle changes little. Given the similarity in
the shapes of higher derivative functions, there is no reason
to believe that this will not be the case for even higher
angular momenta. It also shows that the range at which
a given interpolation is accurate increases with the order
of the interpolation, as expected. This would indicate that
scaling a threshold parameter for screening the shell pairs
for interpolation should be scaled as well. So the other
two factors can be controlled through the use of one
parameter. Since decreasing the distance between ÔknotsÕ
and increasing the order will achieve the best accuracy
for the number of Cartesian points, the grid density will
be used. The grid density describes the number of Cartesian
points along the unit cell of the grid, and is ideal for use as
the error control parameter.
2.3. Implementation
A prototype code for interpolating three-dimensional
electron densities was implemented in the Q-CHEM 2.0
quantum chemistry program suite. A modiﬁed version of
the existing KS-DFT code was made in order to yield
meaningful results for testing this new method.
Since the divided-diﬀerence interpolation cannot be used
to describe Gaussian functions with large exponents (see
Fig. 1) it is necessary for us to partition the shell pair lists.
Since much work has been done on the use of the Cartesian
grid for integration through the FTC method by FüstiMolnár et al. [6], we have adopted the same exponent cutoﬀ
parameter used there scaled to the proper grid density (for
all cases in this study, the thresholds were 2.29, 5.15, 9.16
for grid densities of 4, 6, and 8, respectively). Only contracted basis functions were screened, i.e. the primitive
Gaussian functions with the largest exponent is used. Examination of the numerical statistics of the data from Fig. 1
bears out the validity of this approach, for it can be seen
that increasing the order of the interpolation does indeed
increase the applicability of interpolation in approximating
Gaussian functions. Shell pairs that can be handled via
interpolation (i.e. with the produce of the Gaussian exponents below the prescribed threshold) will be termed
ÔsmoothÕ, while those that are not will be ÔsharpÕ. The total
density and its gradient can be expressed then as a sum of
values determined with the shell pairs in each region.
The basic algorithm consists of ﬁrst computing the
positions of all of the points on the atom-centered grid,
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DFT algorithm and the rest of the procedure continues
as before.
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Fig. 1. The negative log of the relative error due to approximation of onedimensional Gaussian functions of varying angular momentum as a
function of the exponents with diﬀerent orders of interpolation.

computing to which Cartesian box the points belong, and
then interpolating the electron density at each point for
the ÔsmoothÕ shell pairs. These values are then added to
the ÔsharpÕ density values from Q-ChemÕs original KS-

To show the accuracy and eﬀectiveness of the interpolation scheme in varying situations, benchmark computations were performed on cyclohexane and taxol molecules
with varying basis sets using the Becke88 exchange functional [26]. This functional was chosen for its ease of implementation and to display that both the density and its
gradient are handled with this new procedure. The results
of these benchmarks are displayed in Table 1. There are
several observations of note presented here.
Just a note on the measures of accuracy used in the
benchmarks. The absolute value of the relative error in
the electron count (i.e. the trace of the density matrix) is
used as the main gauge to the accuracy. The most relavent
diﬀerence to examine here is that between the electron
count of the original algorithm and the new interpolation
based one, which shows the accuracy of approximating
the values on the atom-centered grid. The overall accuracy
of the integration procedure would be determined by the
diﬀerence between the total number of electrons and
the value computed on the overall numerical grid. To say
the interpolation procedure is an accurate approximation
would be to say that it reproduces the density on the molecular grid, or at least at a lower error than the overall
numerical integration. To show the accuracy of the gradients of the density, the relative error in the functional
values on the molecular grid are used.
First, error control is indeed achieved through the use of
the grid density. Even at grid density of 4 a1
0 , the relative
error in the electron count is shown to be signiﬁcantly less
than relative error in the actual numerical integration procedure. As the atomic-centered grid size is increased, it
appears as the interpolation procedure remains more accurate as well. There is a slight decrease in accuracy when the
angular momentum of the basis set is increased which
reﬂects the increased number of shell pairs handled via
interpolation, but it should be noted that once again the
error is at least one to two orders of magnitude smaller
than the integration procedure itself. Increasing the size
of the molecule causes a slightly better performance. The
functional values computed with the density and the gradient of the density are displayed to show that both values
are very eﬀectively represented via our new interpolation
scheme.
In the second column of Table 1 is the percentage of the
values interpolated in the new procedure. This number is
comprised of the number of basis function pairs multiplied
by the number of grid points. This number is signiﬁcant,
because it roughly shows the ideal speed-up that this procedure can exhibit. With measurements of between 46% and
80% of the values being interpolated, it is quite clear the
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Table 1
Statistics for computing the electron density with divided diﬀerence of varying orders for cyclohexane and taxol with the Becke88 functional
Grid density

Percentage of shell
pairs interpolated

Electron count

Cyclohexane (12 atoms, 48 electrons) Basis: 6-311G* (150 functions)
SG-1 Grid (49344 points)
4
64%
48.001220
6
64%
48.001127
8
64%
48.001130
No interp
48.001130

Relative error
in electron count

1.9E6
6.4E8
6.0E10

Cyclohexane (12 atoms, 48 electrons) Basis: 6-31G(2df, 2pd) (354 functions)
SG-1 Grid (49,344 points)
4
46%
48.001242
1.5E6
6
80%
48.001184
2.9E7
8
80%
48.001170
3.1E8
No interp
75 Radial/302 angular grid (308,040 points)
4
46%
6
80%
8
80%
No interp

Taxol (113 atoms, 452 electrons) Basis: 6-31G* (1,032 functions)
SG-1 Grid (311,328 points)
4
76%
452.021189
6
76%
452.021108
8
76%
452.021111
No interp
452.021113

Relative error in
functional energy

32.923230
32.932313
32.923214
32.923214

4.8E7
2.5E8
1.0E10

33.114880
33.114803
33.114808

2.2E6
1.4E7
4.2E8

33.114808

48.001170
48.000003
47.999940
47.999929
47.999930

Functional value

1.5E6
2.1E7
2.1E8

33.114608
33.114531
33.114540
33.114539

2.1E6
2.3E7
1.6E8

1.7E7
1.1E8
4.4E9

364.502952
364.502822
364.502835
364.502835

3.2E7
3.6E8
2.0E10

The electron count is deﬁned as the trace of the electron density matrix and is used here as a guide to the accuracy in integrating the density over the grid.
Also included is the relative error in the integrated functional energy to show that the interpolated density values do not seriously eﬀect the validity of the
numerical integration procedure.

savings possible in such an approach. The percentage of
values interpolated increases with grid density only in one
case and is due to the fairly loose separation of the exponents in a given basis set. This would seem to indicate that
a single exponent cutoﬀ can be used for all orders of interpolation. As expected, with increased basis set size, a rise in
the percentage of values in which interpolation is applicable is observed because more basis functions of low exponents are included.
3.2. Other examples
Table 2 contains results from benchmarking the method
on several systems of varying sizes, functionals and basis
sets to examine the eﬀects of interpolation on the convergence of some real-world examples. These computations
were all run until the convergence in the DIIS error vector
reached below 105. Displayed is the relative error in the

ﬁnal energy and electron count, and as the table shows,
the method is very accurate across the range of systems.
Granted, this is not a fully representative set of molecular
systems, but it yields reason to believe the method is accurate enough to be applied in types of molecules in which
KS-DFT is widely applicable.
Also in the table is the percentage of values that are
interpolated (in this case the percentage is for the last iteration, but the percentage is fairly constant throughout the
computation). Through the range of systems, there is an
excellent coverage by the interpolation methods. Also
shown is the percentage of time taken to compute the density and its gradient on the molecular grid for the ÔsharpÕ
shell pairs. This timing reﬂects the ideal speed-up we can
expect from this procedure. If the functionals required only
the density on the grid (i.e. local functionals) then given the
fact that we have these values given from the FTC methods
during Coulomb integrations, this ideal would more or less

Table 2
Relative errors in the ﬁnal energies of some representative molecules with various basis functions and functionals
Molecule/method

Relative error in converged ﬁnal energy (percent basis function pairs interpolated)

Grid density
Glutamine 6-311G/PW91
Alanine15 6-311G(df,pd)/BLYP
Diamond (86 atoms) 6-311(df, pd)/EDF1

4
6.2E7 (41%) 48%
4.1E7 (74%) 15%
8.7E8(71%) 13%

6
1.1E8 (41%) 48%
5.9E9 (76%) 14%
5.1E9 (71%) 13%

8
3.0E10 (41%) 48%
7.7E10 (76%) 14%
1.1E10 (71%) 13%

In parentheses is given the percentage of basis function pairs handled via interpolation and the number in bold are the percentage of time to compute the
electron density and its gradient from the ÔsharpÕ basis function pairs.
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be reached. However, for gradient corrected functionals,
such as the ones displayed here, the speed-up will be less
than ideal, for there must be some method devised to represent the gradient of the density on the evenly-spaced
Cartesian grid in a very eﬃcient manner. Research is currently underway to achieve this goal. Additional improvement can be achieved by using more sophisticated
techniques to judge the smoothness (expandibility) of the
shell pairs. Such a technique is already implemented in
the Coulomb part of Q-CHEMS FTC package and shows
a signiﬁcant amount of additional shell pairs can be classiﬁed as ÔsmoothÕ. Nonetheless, the current results clearly
show that interpolation can be used to approximate both
types of values very accurately in modern KS-DFT
implementations.

Henry F. Schaefer III and his research group for helpful
discussions. L.F.M. thank Prof. Peter Pulay for his many
helpful initial discussions.
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