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Abstract
Presented in this Letter is the IncDFT method, which utilizes the diﬀerence density to compute the DFT numerical integration,
and is formulated so that the problem of using non-linear functionals is circumvented and proper mathematic consistency is maintained. As convergence is approached, an increasing amount of values associated with the numerical quadrature can be neglected.
The IncDFT method has been implemented with a variable threshold in Q-Chem 2.1, and yields up to 45% savings in the time
needed for the integration procedure with negligible loss in accuracy.
 2005 Elsevier B.V. All rights reserved.

1. Introduction
In the landscape of modern quantum chemical methods, Density Functional Theory (DFT) stands tall as the
premier method for computing molecular energies and
properties. There are several reasons why the method
is so widely used over traditional wavefunction based
approaches, with the main reason being its applicability
to a wider range of molecular systems. Quantum chemists primarily use the Kohn–Sham formulation of the
DFT (KS-DFT) which allows the theory to be derived
in a way that allows for easy integration into modern
self-consistent ﬁeld (SCF) procedures used to solve
Hartree–Fock equations. This makes the theory more
comfortable to quantum chemists as well as allowing
for the large body of knowledge on the solution of the
SCF equations to be used in improving the convergence
and eﬃciency of DFT calculations.
Since the integrals that arise from the formulation
of the exchange-correlation functionals in KS-DFT
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are of such a complicated nature, numerical quadrature provides the best means for solving them. Most
popular quantum chemistry packages, including QChem 2.1, use an atom centered grid procedure recommended by Becke [1]. In this procedure the number
of grid points per atom are ﬁxed, and therefore the
number of grid points for the total procedure scales
linearly with respect to system size. At each grid point
though, the amount of work done scales as the number of basis functions squared. To induce linear-scaling, the spatial locality of the density matrix is used
to help neglect basis function pairs, so that at some
large size, there is eﬀectively a constant amount work
to do at each grid point.
Any enhancements to the integration procedure
that can accelerate the negation of basis function pairs
at each grid point should reduce the prefactor, which
will both improve the overall eﬃciency of the KSDFT procedure and drop the threshold of system size
to achieve linear-scaling. Borrowing from a technique
commonly used in SCF procedures, we utilize the difference values in this endeavor. More exactly, we will
employ the diﬀerence density and functional derivative
values, which in turn will make cutoﬀ procedures immensely more eﬀective as the calculation approaches
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convergence. Others have preceded this work with
similar implementations, including Mitin et al. [2]
and Scheiner et al. [3]. We term this technique the IncDFT method. In this Letter we show how it can
be achieved in a proper mathematical form for
KS-DFT energy calculations and discuss the implementational details with analysis of the algorithms
performance. We will also outline a variable threshold
scheme and show that there is no accumulated error
associated with its use in numerical DFT quadrature.

2. Theory and implementation
2.1. Kohn–Sham DFT
In order to outline our implementation, it is necessary
to review the well-known formulation of KS-DFT in a
ﬁnite basis set [4]. The total energy of a molecule can
be described by DFT as a functional of the electron density (q):
E½q ¼ h½q þ J ½q þ EXC ½q;

ð1Þ

where h is the one-electron energy contribution, J is the
classical Coulomb interaction energy, and EXC is the socalled exchange-correlation energy functional. In the
formulation of KS-DFT, h and J are for the Slater
determinant that describes a non-interacting reference
system, and therefore, they are mathematically equivalent to their counter parts in Hartree–Fock (HF) theory.
The crux of this method is the evaluation of the EXC
functional by solution of the following integral:
Z
EXC ¼ f ðqa ; qb ; caa ; cbb ; cab Þ dr;
ð2Þ
2

caa ¼ jrqa j ; cab ¼ rqa  rqb .

ð3Þ
XC

Because the exact form the E is unknown, approximate functionals of the electron density (q) and its gradient ($q) attempt to mimic the exchange and
correlation hole functions contained in the integral from
Eq. (2) [5].
In KS-DFT, the total energy is expressed in a ﬁnite
basis and is minimized in a self-consistent manner similar to HF theory. In the ﬁnite basis, the electron density
and its gradients are:
X
qa ðrÞ ¼
P alm /l ðrÞ/m ðrÞ;
ð4Þ
lm

rqa ðrÞ ¼

X

P alm rð/l ðrÞ/m ðrÞÞ;

ð5Þ

lm

P alm

are elements of the a spin density matrix, and
where
similar equations can be formed for qb. An exchangecorrelation analogue to the well-known Fock matrix elements from HF theory are given by:

¼
F XCa
lm

Z 



of
of
of
/l /m þ 2
rqa þ
rqb
oqa
ocaa
ocab

 rð/l /m Þ dr;

ð6Þ

with F XCb
having a similar form.
lm
Generally, the form of the exchange-correlation functional is of such a complicated nature that analytic solutions for the integrals that arise from Eqs. (2) and (6)
become impossible. Various numerical techniques have
been developed, with the most widely used being proposed by Becke involving a partitioning of the molecular
integrals to those solved over atomic centered grids with
appropriate weighting functions [1]. The integrals over
the atomic grids are evaluated with Euler–Maclaurin
[6] quadrature for the radial part and quadrature over
Levedev spheres [7–10] for the angular part.
For our work, the extremely eﬃcient implementation
of KS-DFT given in Q-Chem 2.1 will be used. Q-Chem
2.1 is a state-of-the-art quantum chemistry suite with a
wide-array of computational methods available [11].
Q-Chem includes a robust set of KS-DFT features
including: local and gradient corrected functionals; pure
and hybrid functionals; analytic energy, gradient and
second-derivative evaluations; linear-scaling and parallel
algorithms [12,13]; and time-dependent DFT excited
state capabilities. Improvements will be made strictly
to the numerical engine used for the solution of the exchange-correlation terms of the above equations with
plans to apply the IncDFT method to gradient and second derivative calculations. A basic outline of the algorithm for KS-DFT Fock matrix formation in Q-Chem
along with the cost associated with each step is provided
in Table 1. Each step has a linear dependence on the
number of grid points in the molecular grid. It is important to note, that due to the spatial locality of the electron density, the overall scaling of this algorithm can
be made linear with respect to the number of grid points
for large molecules by eﬀectively making constant the
number of close basis functions at each point. Two steps
have a square dependence on the number of basis functions and they are the computation of the density values

Table 1
Outline of the basic algorithm for determining the KS-DFT Fock
matrix elements in Q-Chem and how each step scales with respect to
the number of grid points (Ng) and the number of basis functions (Nb)
Description

Cost

1. Construct the atom centered grid and Becke
weighting functions
2. Loop over batches of grid points
a. Calculate basis function values at each grid point
b. Calculate density values at each grid point
c. Calculate functional values at each grid point
d. Sum up contributions to Fock Matrix element
End loop over-batchs of grid points

O(Ng)

O(NgNb)
OðN g N 2b Þ
O(Ng)
OðN g N 2b Þ
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on the grid (Step 2b in Table 1) and the summation of
each Fock Matrix element (Step 2d in Table 1). In trying
to improve the eﬃciency of our KS-DFT algorithm,
these two rate-limiting steps are targeted. The easiest
method for improving this algorithm is to screen insigniﬁcant values for elimination from the summations,
and IncDFT can be utilized to improve the screening
eﬀectiveness.
2.2. IncDFT
IncDFT is a method that utilizes the iterative nature
of the KS-DFT procedure to increase the eﬀectiveness of
screening values. Suppose that at each iteration, a quantity f is calculated as a function of the variable x, where
f(x) is linear in x. Instead of calculating f directly from
each new x, it is possible to determine f as the variable
diﬀerence between x at the current cycle and at the previous cycle (xprev):
f ðxÞ ¼ f ðDxÞ þ f prev ;

Dx  x  xprev .

ð7Þ

As the iterative procedure progresses, it will be true that
Dx will become increasingly smaller which in turn allows
the elimination from consideration the current values
with insigniﬁcant change from the previous iteration.
This concept is utilized to accelerate HF calculations
in the form of the incremental Fock formation [14–17].
At ﬁrst glance, Eq. (7) is not immediately applicable
to the numerical evalution of the KS-DFT integrals
for the current widely used exchange correlation functionals are not linear with respect to the electron density.
The equation is however applicable to portions of the
algorithm that do not involve non-linear functions of
the density, namely the evaluation of density values on
the grid (Step 2b in Table 1) and the Fock matrix formation (Step 2d in Table 1). With this in mind, we propose
a new algorithm for KS-DFT in Table 2, which we have
termed IncDFT. In the new algorithm, values from the
previous iteration are stored in order to use in producing
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diﬀerence values. To keep the algorithm mathematically
correct, the diﬀerence density values that are computed
on the grid (Step 4b in Table 2) are combined with the
values from the previous iterations (Step 4c in Table 2)
to reproduce the current values from the current iteration. Then the full non-diﬀerence values are used as
the functional variable (Step 4e in Table 2) and therefore
circumventing any problems with non-linear functional
evaluation. The functional derivative values from the
previous iteration can be subtracted from the current
to create diﬀerence values for use in the Fock matrix formation (Steps 4f–h in Table 2).
In the IncDFT scheme, we must derive new expressions for the density and gradient of the density on the
grid. This is trivially done by incorporating Eq. (7) into
Eqs. (4) and (5):
X
qa ðrg Þ ¼
DP alm /l ðrg Þ/m ðrg Þ þ qprev
ð8Þ
a ðrg Þ;
lm

rqa ðrg Þ ¼

X

DP alm rð/l ðrg Þ/m ðrg ÞÞ þ rqprev
a ðrg Þ;

ð9Þ

lm

where the superscript prev stands for the corresponding
value from the previous iteration and the subscript g denotes the current grid point. Much like the incremental
Fock method, this formula takes advantage of the
observation that a large number of the elements of the
density matrix change very little between two consecutive iterations, especially near convergence. Screening
against a threshold can then be done on the density matrix elements Plm and lm shell pairs can be eliminated
from further consideration. Some preliminary computations applying Eq. (8) indicated that the value
DPlmi/l/mi, where i/l/mi is an estimation the magnitude of the shell pair [16,17], is far more productive as
a screening value in that it is more representative of
the true values being screened from Eq. (8). For gradient
corrected functionals, an estimation of the magnitude of
the gradient of the shell pair is given by scaling i/l/mi

Table 2
Outline of the IncDFT algorithm for determining the KS-DFT Fock matrix elements in Q-Chem and how the computational work and storage
requirements scale with respect to the number of grid points (Ng) and the number of basis functions (Nb)
Description

Cost

Storage

1.
2.
3.
4.

O(Ng)
OðN 2b Þ
OðN 2b Þ

OðN 2b Þ

Construct the atom centered grid and Becke weighting functions
Compute and screen the diﬀerence density matrix DPlm
Store the density matrix from the current iteration
Loop over batches of grid points
a. Calculate basis function values at each grid point, /l(rg)
b. Calculate diﬀerence density values at each grid point
c. Add the density values from the previous iteration to the diﬀerence values to get current values
d. Store the current density values
e. Calculate functional values at each grid point
f. Compute and screen the diﬀerence functional derviative values, Df
g. Store the current functional derivative values
h. Sum up contributions to Fock matrix element
End loop over batchs of grid points

O(NgNb)
OðN g N 2b Þ
O(Ng)
O(Ng)
O(Ng)
O(Ng)
O(Ng)
OðN g N 2b Þ

O(Ng)

O(Ng)
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with the sum of the individual shell exponents. This
screening will result in an overall reduction in the number of basis function pairs that need to be considered.
For the summations of values to form Fock matrix
elements, the diﬀerence of functional derivative values,
Df 0 (q(rg)), are used. For pure functionals, the derivation
from Eq. (6) is trivial. Beginning here, an abbreviated
notation will be used to simplify the formulas. Functional derivatives will denoted with a superscript giving
the variable with which respect the derivative was taken
(e.g. f qa ¼ of =oqa Þ.
X
prev
¼
wg Dfgqa /l;g /m;g þ F XCa
;
ð10Þ
F XCa
lm
lm
g

where the subscript g denotes the value at a grid point.
The screened value in this case is naturally wg Dfgqa and
small values will eliminate grid points from further consideration. Once again, preliminary calculations indicated that screening this value alone would not be
adequate. To improve screening, the above value is multiplied by the square of the maximum basis function value for the given grid point, which yields the maximum
contribution that is made to Eq. (10) by that point.
Gradient corrected functionals make for a more complicated IncDFT framework. The a Fock matrix elements are:
X
c
F XCa
¼
wg fgqa /l;g /m;g þ wg ð2fgcaa rqa;g þ fg ab rqb;g Þ
lm
g

 rð/l;g /m;g Þ.

ð11Þ

The diﬀerence between interaction cycles for the alpha
Fock matrix elements can be expressed as:
X
DF XCa
¼
wg Dfgqa /l;g /m;g
lm
g
c

þ wg Dð2fgcaa rqa;g þ fg ab rqb;g Þ  rð/l;g /m;g Þ.
ð12Þ
The diﬀerence variable in the second term of the summac
tion must be Dð2fgcaa rqa;g þ fg ab rqb;g Þ because the gradients of the density and the functional derivative
values change between iterations. Along with Dfgqa these
are the values that should be screened. The square of the
maximum value of the gradient of the density at each
grid point will be multiplied by the latter for more eﬀective screening as proposed above. A grid point will only
be eliminated if both of the screening values are below
thresholds.
In the spin unrestricted formalisms, consideration
needs to be given to both alpha and beta densities, so
there are two sets of corresponding values to screen.
In a closed-shell case, there would be no diﬀerence in
the amount of values neglected, but this is not so for
open-shell calculations. It would potentially be more
advantageous to screen each spin density separately,
although one would need to double many of the mem-

ory requirements. Based on some preliminary calculations, it was apparent that the savings were minuscule
and did not justify the extra memory. So, in our unrestricted scheme, the values are neglected only if both a
and b values are below threshold.
It is important that any eﬃciency improvements to
the current KS-DFT scheme not increase the scaling
of the algorithm with respect to both memory and computations. In order to have available the values from
previous iterations, it is necessary to store in memory
or on disk several quantities. Table 2 shows the values
that need be stored and the scaling of storage. It is true
that storage of the previous cycleÕs density matrix scales
as square of the number of basis functions, but it is already necessary to store the current cycleÕs density matrix, so this does not eﬀectively increase the overall
storage scaling for the algorithm. The other two quantities to be stored scale linearly with the number of grid
points. In Table 2, we see the computational scaling
for the added steps do not increase the overall computational scaling of the algorithm, as the rate-limiting steps,
the computation of density values and the summation to
form Fock matrix elements, still scale as the number of
grid points and the square of the number of basis functions, although the number of basis function pairs considered should be greatly reduced.
2.3. Variable threshold method
A common method for increasing the eﬃciency of
iterative procedures is to employ some form of variable
threshold determined from the error of the previous iteration. The hope is that the error at early iterations will
not be as critical to convergence as in the later cycles
and the threshold to neglect values can be reduced in
some prescribed manner as the calculation proceeds.
This allows the algorithm to neglect more values at the
beginning of the procedure without signiﬁcantly sacriﬁcing the overall accuracy of the ﬁnal result.
The use of a variable threshold can yield impressive
increases in eﬃciency. Furthermore, unlike HF theory,
the variable threshold in IncDFT is proper as the error
does not accumulate with each progressive iteration, as
long as the values for the previous iteration are used if
the current diﬀerence is omitted. In HF theory, the error
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
does accumulate and has a niteration dependence [14,17].
To illustrate this point, let us assume that a calculation
takes four iterations to converge. The density value at a
grid point for the ﬁnal iteration can always be evaluated
cumulatively:
q4  ðq4  q3 Þ þ ðq3  q2 Þ þ ðq2  q1 Þ þ q1 .
ð13Þ
If a diﬀerence is omitted, e.g. (q3  q2), because it is
smaller than the current threshold, it does not impose
any approximation if q3 is assumed to be equal to q2:
q4  ðq4  q2 Þ þ ðq2  q1 Þ þ q1 .

ð14Þ
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3.1. AZT
In order to eﬀectively display the beneﬁts gained from
the IncDFT procedure, extensive analysis of the various
parts of the algorithm were probed using 3 0 -azido-3 0 deoxythymidine (AZT) as a benchmark. AZT is a widely
used antiretroviral agent against the HIV-1 virus [22].
The 6-31G basis set is used in conjunction with the
Becke exchange functional [19] and the LYP correlation
functional [20]. The AZT molecule has 32 atoms and the
calculations consists of 311 basis functions. All of our
calculations will be spin-restricted computations,
although it is important to note that the algorithm has
been extended to the unrestricted formalism. The selfconsistent KS-DFT procedure was considered converged once the DIIS error was less than 105. For these
test calculations, three ÔstaticÕ thresholds, 106, 108,
1010, and the variable threshold as described in the previous section were used. All of these thresholds are tighter than the convergence criteria and should give an
good indication of performance and accuracy of the IncDFT procedure. All calculations in this section were
performed on an IBM RS/6000 260.
The most desirable aspect of IncDFT is that as the
self-consistent calculation approaches convergence,
more values will be screened than in previous iterations. Figs. 1 and 2 display graphs of the percentage
of values saved in the time consuming steps at each
iteration. For all of the ÔstaticÕ thresholds, there is a

Percent of Density Values Neglected

3. Results and discussion

deﬁnite increase in the percentage of values screened
as the calculation approaches convergence and as the
threshold is decreased the screening become less pronounced. In both procedures, setting the threshold
to 106 gives the most savings for the later stages,
even neglecting almost the entire grid for the ﬁnal iteration of the Fock formation procedure. The variable
threshold performs very well throughout the entire
calculation, giving savings falling between that of
106 and the 108 thresholds. The reason for the similar performance is that the overall threshold for the
KS-DFT procedure in Q-Chem for a convergence criteria of 105 is set to 108, so once the variable
threshold reached that value, it was held constant.
The 1010 shows that increasing this value beyond
the overall integration threshold gives little savings.
Enhancing the screening process has the potential for
increasing the approximate nature of the numerical integration, so it is important to test the algorithm to ensure
that the accuracy of the original procedure is preserved.
Tables 3 and 4 show the absolute total energy diﬀerence
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Fig. 1. The percentage of density values screened out of the BLYP/631G AZT calculation at each iteration of the SCF procedure.

100%
Percent of Shell Pairs Neglected

The analogous argument can be made for the diﬀerence
funcitonal derivative values used in the formation of the
Fock matrix.
While this speaks to the accumulation of error, it
does not preclude that the absolute error at each iteration will not aﬀect the convergence, so it must be ensured that the method for determining the threshold at
each iteration provides accurate results. It is known that
poorly chosen variable thresholds can cause undesirable
convergence behavior [14,18]. In order to address this,
we looked at the threshold as a function of the error
in the approximate values produced at each iteration
of the calculation in comparison to exact values for
AZT with the Becke exchange functional [19] and the
LYP correlation functional [20]. It is found that setting
the variable threshold to the energy at the previous iteration scaled by 1 · 104 gives maximum errors that are
on the order of or lower than the current iterationÕs error (in the case of Q-Chem, this is the error from the direct inversion of the iterative subspace (DIIS) procedure
as described by Pulay [21]). This is the scheme we have
adopted in all following results that state variable
threshold is used.
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Fig. 2. The percentage of shell pairs neglected as a result of screening
the diﬀerence functional derivative values for BLYP/6-31G AZT at
each SCF iteration.
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Table 3
Absolute diﬀerence in the BLYP/6-31G total energy (hartrees) of AZT for each iteration between the original numerical integration algorithm and
IncDFT with various thresholds for screening the density values in Step 4b of Table 2
Iterationa

2
3
4
5
6
7
8
9
10
11
12
13
14

DIIS error

1.07E  02
2.90E  02
1.40E  02
5.23E  03
3.33E  03
4.13E  03
8.73E  04
4.96E  04
2.58E  04
1.26E  04
5.70E  05
1.95E  05
7.89E  06

Log of the IncDFT threshold
6

8

10

Variableb

6.1e  05
4.9e  05
1.6e  05
5.5e  05
7.8e  05
1.3e  04
2.9e  04
1.8e  04
1.9e  04
1.3e  04
1.4e  04
1.9e  04
1.4e  04

1.8e  06
2.2e  06
2.0e  06
4.2e  06
2.7e  06
3.0e  06
2.4e  06
1.2e  06
5.9e  08
2.4e  06
4.9e  07
1.8e  06
1.9e  06

2.9e  09
8.7e  09
1.0e  09
5.6e  09
2.0e  09
4.7e  09
1.3e  08
9.8e  09
1.9e  09
1.4e  08
5.2e  09
9.2e  09
9.2e  09

1.3e  03
7.2e  06
4.1e  04
2.1e  04
2.1e  05
6.1e  05
2.4e  05
3.7e  06
2.8e  06
6.8e  06
7.4e  07
2.1e  06
2.2e  06

The calculation was continued until the DIIS diﬀerence reached a convergence of 105.
a
The ﬁrst iteration is omitted because there is no diﬀerence between the algorithms.
b
The variable threshold is as deﬁned in Section 2.3 of this Letter.

in hartrees between the IncDFT algorithm and the original at various thresholds along with the DIIS error at
each iteration for the benchmark calculation. Just as
above, each calculation was until the DIIS reached a
convergence of 105, and the ÔstaticÕ thresholds were
chosen to be 106, 108 and 1010. Also the so-called
variable threshold results are available.
In Table 3, the diﬀerences are given for the screening
of the density values. It is apparent that error control is
possible for the density evaluation, for the energy diﬀerence gets smaller as the threshold is lowered. A threshold of 106 appears to be too loose a value for the
ﬁnal diﬀerence in the energy is actually higher than the
DIIS error of the ﬁnal iteration, and the threshold must
be tightened to 108 to ensure that the ﬁnal iterations
are at least on the order of the DIIS error. The variable

threshold yields similar ﬁnal errors as using 108, which
is expected since it is made constant once it reaches that
value. Table 4 shows the diﬀerences arising from IncDFT screening of the diﬀerence functional derivative
values, and similar trends can be seen. It appears that
accuracy of the method is less sensitive than in the case
of screening density values, and only a value of 106 is
necessary to be on the order of the DIIS error. The variable threshold performs similarly as in the case of the
screening of the density values. In both cases, increasing
the value of the thresholds beyond the overall integral
threshold, as in 1010, is unnecessary to provide reliable
accuracy.
Finally, it is imperative that the IncDFT procedure
adds no signiﬁcant overhead to the existing algorithm.
As discussed in the previous section, none of the

Table 4
Absolute diﬀerence in the BLYP/6-31G total energy (hartrees) of AZT for each iteration between the original numerical integration algorithm and
IncDFT with various thresholds for screening the diﬀerence functional derivative values in forming XC Fock matrix values in Step 4f of Table 2
Iterationa

3
4
5
6
7
8
9
10
11
12
13
14

DIIS error

2.90E  02
1.40E  02
5.23E  03
3.33E  03
4.13E  03
8.73E  04
4.96E  04
2.58E  04
1.26E  04
5.70E  05
1.95E  05
7.89E  06

Log of the IncDFT threshold
6

8

10

Variableb

2.4e  03
6.6e  05
9.6e  05
1.2e  04
9.4e  05
1.8e  05
7.8e  07
4.8e  07
1.5e  05
3.7e  06
3.3e  06
3.2e  06

3.5e  05
6.3e  06
1.1e  06
5.4e  07
2.8e  06
9.7e  08
1.9e  07
2.9e  08
5.1e  09
1.0e  08
1.1e  08
5.6e  09

4.7e  06
3.0e  07
1.0e  07
3.7e  08
3.5e  08
3.0e  08
1.5e  08
3.7e  09
1.5e  09
3.6e  09
3.7e  09
6.7e  09

2.0e  02
5.2e  03
1.4e  03
3.9e  05
1.3e  04
1.4e  04
5.6e  05
1.2e  05
3.1e  06
3.7e  07
6.9e  08
8.9e  08

The calculation was continued until the DIIS diﬀerence reached a convergence of 105.
a
The ﬁrst and second iteration in omitted because there is no diﬀerence between the algorithms.
b
The variable threshold is as deﬁned in Section 2.3 of this Letter.
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additional steps for IncDFT increased the overall scaling of computation. Figs. 3 and 4 are graphs of the percentage of values neglected by IncDFT screening with
respect to the percentage of time saved in the procedure
due to the screening. If there is no increase in scaling, it
would be expected that there would be essentially a linear relationship between these two percentages, and in
both cases, this is true.
In both cases, when 100% of the values are neglected
there is a non-zero time for performing the algorithm,
and this is the overhead associated with doing IncDFT.
This overhead amounts to approximately 5% and 3% for
the density evaluation and the Fock matrix formation,
respectively. Also there are parts within these algorithms
that do not beneﬁt from IncDFT procedure. To illus-

Percent of Density Values Computed

100%

80%

Total Time to Computer
Density Values on the Grid
Time to Contract Basis Function
Values with Density Matrix Elements

60%

40%

20%

trate this, Figs. 3 and 4 also contain plots of the most
time consuming steps involved in the computation of
values. For determining the density values on the grid,
the contraction of the basis function pairs and gradients
with the density matrix elements is the limiting step. It
can be seen that the slope of the line associated with
the total percentage of time to compute the values is less
than that for the contraction step which is an indication
that there other signiﬁcant parts that do not beneﬁt from
IncDFT, but it is apparent that the time savings in the
contraction step dominates. In the building of Fock matrix elements the time-consuming step is the contraction
of the basis function pairs with the functional derivatives. Unlike the previous case, Fig. 4. shows that basically in the overall algorithm the contraction step
dominates and IncDFT is equally beneﬁcial. The fact
that the time-consuming steps dominate as expected vindicates the slight overhead involved in the IncDFT procedure and shows great improvements in eﬃciency can
be reached.
Table 5 shows the overall percentage savings from the
IncDFT procedure for the benchmark AZT 6-31G/
BLYP calculation with the variable threshold. The savings achieved from the improved screening translates
well to overall time savings in the time consuming steps,
with 31% and 48% savings in computing density value
on the grid and the formation of the Fock matrix elements respectively (see Table 6).

0%

0%
20%
40%
60%
80%
100%
Percent of IncDFT Algortihm Time to That of the Original Algorithm

Fig. 3. The percentage of density values screened plotted against the
percentage of time saved in the evaluation of the density on the grid for
BLYP/6-31G AZT. Shown are the total times for the procedure and
just the step involving contraction of the basis function pairs with the
density matrix elemtents. The slope for the total time and the
contraction step are 1.2 and 0.95, respectively.
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3.2. Other examples
To show the applicability of the IncDFT method,
Table 5 shows the increase in the overall eﬃciency of
determining the KS-DFT energy with various functionals for several diﬀerent molecules. The best overall
savings in integration time by application of the method
to the EDF1/6-31G* calculation on the Buckminster
fullerene (C60), in which there is approximately a 45%
increase in eﬃciency.

80%
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20%

Total Time for Fock Matrix Formation
Time of Contract Basis Function Pairs
with Functional Derivative Values.
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Fig. 4. The percentage of density values screened plotted against the
percentage of time saved in the evaluation of the FXC matrix elements
for BLYP/6-31G AZT. Shown are the total time for the procedure and
just the step involving contraction of the basis function pairs with the
functional derivative values. The slope for the total time and the
contraction step are 0.99 and 1.00, respectively.

Table 5
Percentage of total savings from the the variable threshold IncDFT
procedure for the BLYP/6-31G AZT single-point energy calculation
Determination of the density values on the grid
Number of density matrix neglected
Number of basis function pairs neglected
Savings in time for the contraction with basis function pairs
Savings in total time

39%
42%
39%
31%

Formation of the Fock matrix elements
Number of grid points neglected
Number of basis function pairs neglected
Savings in time for the contractions of basis function pairs
Savings of total time

46%
55%
51%
48%
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Table 6
Percentage of savings from the the variable threshold IncDFT procedure in the overall DFT integration procedure with various functionals and basis
sets for several molecules
Molecule

Functional

Basis set

Percent savings

Glutamine (20 atoms)
Tryptophan (27 atoms)
Taxol (113 atoms)
C60 Buckminster Fullerine (60 atoms)

B3LYP
BPW91
BLYP
EDF1

6-31G (160 functions)
6-31G* (249 functions)
6-3 1G* (1032 functions)
6-31G* (900 functions)

20%
23%
35%
45%

4. Concluding remarks
The IncDFT method has been shown to be an eﬀective means of improving the eﬃciency of the KS-DFT
integration procedure. As shown in the case of 6-31G/
BLYP AZT, signiﬁcant overhead is not incurred
through use of the method and the savings in the most
time consuming steps certainly justify its use. The variable threshold is shown here to provide a good balance
between improving eﬃciency and maintaining the accuracy of the integration procedure and is the recommended cuttoﬀ scheme for use in production. In the
case of larger molecules, such as taxol and the Buckminster fullerene, IncDFT with the variable threshold yields
a 35%–45% improvement.
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