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a b s t r a c t
Becke’s B05 method of describing nondynamic electron correlation in Density Functional Theory is implemented self-consistently with computational efﬁciency. Important modiﬁcations of the method are proposed in order to make the self-consistency feasible. Resolution-of-identity technique is used to reduce
dramatically the cost of the required exact-exchange energy density. The method is brieﬂy validated on a
variety of properties. It describes accurately for the ﬁrst time the subtle energetics of the NO dimer, an
exemplary system of strong nondynamic correlation. The efﬁcient algorithm for the exact-exchange
energy density can be applied to other functionals that use this quantity.
Ó 2010 Elsevier B.V. All rights reserved.

1. Introduction
Describing systems with strong nondynamic electron correlation is a major challenge of Density Functional Theory (DFT) [1–
3]. Systems with strong nondynamic correlation include dissociating molecules, transition states of reactions, transition-metal compounds, strongly correlated solids, and many others. Such systems
are usually treated with multi-reference wavefunction based
methods since the accuracy of common local and semi-local exchange–correlation (XC) functionals is unsatisfactory in such cases.
Attempts to generalize the Kohn–Sham (KS) DFT scheme to handle
multi-determinant states have met mixed success [3,4]. Alternatively, it has been argued that nondynamic correlation should in
principle be feasible within the single-determinant KS approach
[1,2]: the KS determinant is used just to yield the electron density,
while all correlation effects should be taken care of by the XC functional. A signiﬁcant breakthrough along this line was made by
Becke with his post Hartree–Fock (HF) real-space correlation model B05 [1,5]. A different model of nondynamic correlation was suggested later on by Perdew and coworkers based on a thorough realspace analysis of the XC hole [2]. Other fundamentally different
views on the matter have been recently advanced [6,7].
B05 has four linear parameters trained on thermo-chemistry
data, and two non-linear parameters in the dynamic correlation
term. The results reported in the literature are extremely promising. This has motivated us to develop a self-consistent-ﬁeld (SCF)
version of the method so that it can be of a general use. Such a task
requires solving some serious obstacles within the original B05 formulation: (i) lack of an analytic expression for the B05 exchange
hole; (ii) discontinuities of the B05 potential; (iii) prohibitive com* Corresponding author.
E-mail address: jkong@q-chem.com (J. Kong).
0009-2614/$ - see front matter Ó 2010 Elsevier B.V. All rights reserved.
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putational cost. The only SCF results with B05 reported so far are
due to the recent work of Arbuznikov and Kaupp [8]. However,
they did not attempt to remove the discontinuities, nor did they
present a practical SCF solution for open-shell systems. Moreover
the calculations remain prohibitively expensive in practice.
2. Theoretical and computational details
The B05 method is a conceptually new idea based on a careful
analysis of the exact exchange hole. This hole becomes artiﬁcially
too delocalized along a chemical bond that is too stretched. Becke
argued that the exact exchange hole of a given spin should then be
deepened by the exchange hole of opposite spin [1]. In most cases
this is the main component of the nondynamic correlation energy,
given in B05 by:

End-op
¼
C

1
2

Z

exact
f ðrÞ½qa ðrÞU exact
Xb ðrÞ þ qb ðrÞU X a ðrÞdr;

ð1Þ

where qr and U exact
are the spin-resolved electron density and SlaXr
ter exact exchange potential, respectively (r = a, b) [1,5]. The ‘correlation factor’ f(r) measures the strength of nondynamic correlation
at each point:

f ¼ minðfa ; f b ; 1Þ;

ð2Þ

with

fa ðrÞ ¼

1  N eff
X a ðrÞ
N eff
Xb ðrÞ

;

f b ðrÞ ¼

1  Neff
Xb ðrÞ
Neff
X a ðrÞ

:

ð3Þ

In the above, N eff
X r is a partial (‘relaxed’) hole normalization within a region of roughly atomic size. The actual estimate of N eff
X r is
done using the Becke–Roussel (BR) exchange model [9] as an
auxiliary tool. The original BR exchange hole [9] reproduces the
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curvature of the exact exchange hole and is normalized to one. In
B05 this normalization is relaxed, so that the Slater exchange poat each point.
tential from the BR model be equal to the exact U exact
Xr
This leads to a non-linear equation for certain dimensionless function xr(y) employed in B05:

ðxr  2Þ  xr
xr 
3 Q r exact
¼ yr  
e 1
U
;
2
xr
4p q2r X r
2

ð4Þ

where (Qr) is the curvature of the exact exchange hole [1]. The relaxed normalization of the auxiliary BR exchange hole can then be
obtained as:

Neff
Xr ¼

 3=2

3=2
2
xr ðxr  2Þ
pq5=2
e
:
r
3
xr Q r

ð5Þ

Instead of solving Eq. (4) numerically at each point as in the original B05 approach, we solve it analytically using an accurate nonlinear interpolation of x(y). Analytical ﬁt of the B05 function x(y)
has been proposed in Ref. [10]. We follow a similar approach, using
a somewhat different technique that provides better accuracy [11].
The values of x(y) were ﬁrst obtained numerically on a grid along
the y axis. Then the y domain was divided in three regions: region
I (1 6 y 6 0.15), region II (0.1 6 y 6 1001), and region III
(1000 6 y 6 + 1). For region I, we have obtained the following
accurate analytical representation of x(y):

xðyÞ ¼ gðyÞ
P1 ðyÞ ¼

5
X

P1 ðyÞ
;
P 2 ðyÞ
ci yi ;

ð2 arctanða1 y þ a2 Þ þ pÞ
;
2 arctanða2 Þ þ p
5
X
P 2 ðyÞ ¼
bi yi ;
gðyÞ ¼ 2

i¼0

ð6Þ
ð7Þ

i¼0

where ai, bi, ci are numerical coefﬁcients given in the Appendix A.
This form of x(y) has a mean absolute error (MAE) of 6.38  106,
and mean absolute percentage error (MAPE) of 0.00051%. We have
obtained an accurate ﬁt of x(y) in region II as well, using Thiele
interpolation technique of continuous fractions [11] (see Appendix
A):

xðyÞ ¼

R1 ðyÞ
;
4R2 ðyÞ

R1 ðyÞ ¼

6
X

d i yi ;

R2 ðyÞ ¼

i¼0

6
X

ei yi :

ð8Þ

i¼0

This form provides a MAE = 3.67  106 and MAPE = 0.000067%.
In region III x(y) is a slow varying function. We use there the interpolation form proposed by Arbuznikov and Kaupp (Eq. (30) of Ref.
[10]), which is suitable for this region as well. We have slightly
readjusted their parameter e in order to conform better to the
somewhat different partitioning of the y domain we use:

h
xðyÞ ¼ lnðyÞ
þ

1
1þlnðyÞ

i

13:6816
lnðyÞ4

þ

1:23767 9:37587 19:4777

þ
lnðyÞ
lnðyÞ2
lnðyÞ3

 0:078655:

ð9Þ

The attained accuracy in this region (MAE = 0.0032) is about the
same as the one reported in Ref. [10].
Besides the opposite-spin component, the same-spin contribution to the nondynamic correlation was modeled by Becke at a later stage [5]. It is a second-order correction to the exact exchange
hole in open-shell systems:

End-par
¼
C

1
2

Z h

i

ð1Þ
qa Aaa Mð1Þ
a þ qb Abb M b dr;

ð10Þ

where Arr are second-order same-spin correlation factors, and M1r
are the ﬁrst-order moments of the BR auxiliary exchange hole
(see Ref. [5] for details).
The ﬁnal expression of the B05 energy functional reads:

ndopp ndopp
HF
EB05
EC
þ andpar
Endpar
þ adopp
Edopp
XC ¼ EX þ aC
C
C
C
C

þ adpar
Edpar
;
C
C

ð11Þ

where aiC are the four linear parameters in B05. The last two terms
in Eq. (11) involve a dynamic correlation functional. Becke employed his meta-GGA correlation functional BR94 [12] which is
quite accurate but has no fully analytic formulation. We have
implemented previously the BR94 functional analytically [11] and
use that form in Eq. (11).
To achieve SCF convergence, the f and Arr factors in Eqs. (1) and
(10), and their derivatives, must be continuous. The original f factor
has two sources of derivative discontinuity: the strict upper limit
of 1, and the min( ) function used in its deﬁnition, Eq. (2) [8].We
smoothen ﬁrst the upper limit of f with a quadratic smoothing
function to the ﬁrst-order when f is very close to 1:

fr ðrÞ

1

1
ðfr ðrÞ  1  dÞ2 ;
4d

jfr ðrÞ  1j 6 d;

ð12Þ

where parameter d here is a small number to be speciﬁed. With this
modiﬁcation the correlation factor becomes: f = min(fa, fb). Strictly
speaking, f is positively deﬁned, since the relaxed hole normalization should not exceed 1. In practice N eff
X r may occasionally exceed
1 (then f becomes negative). This excess is allowed in Becke’s original model, while it is excluded in Ref. [8]. We have found that
enforcing the condition Neff
X r 6 1 leads to a deterioration of the
B05 results in practice. Fully relaxing this condition however, leads
to difﬁculties of the SCF procedure in a number of cases, a ﬁnding
that we share with Ref. [8]. Our tests have shown that N eff
X r may indeed exceed 1 for a number of points, but rarely goes larger than 2 if
a high numerical accuracy is maintained. Thus, we introduce the
condition Neff
X r 6 2, and enforce it in a smooth manner, similar to
Eq. (12). This greatly subdues the side effects of having negative f
at some points, while preserves to a large extent the original B05
estimates.
Next, we smoothen the effect of the min( ) function in f using a
Heaviside function:

epz
;
1 þ epz
f ¼ fa  zHðzÞ:

HðzÞ ¼

z ¼ fa  fb ;

ð13Þ
ð14Þ

This brings a second smoothening parameter p that controls
how sharp the Heaviside function H(z) is. Heaviside function is also
used for the smoothening of the second-order factors Arr, which
involves a third parameter (q). The values of these smoothing
parameters used here are: d = 0.005; p = 115.0; q = 120.0. Small
variations around these values do not change noticeably the energies. Their ﬁne tuning was done with respect to accelerating the
SCF patterns as much as possible.
Having the relaxed BR exchange hole in an analytic form and
the f and Arr factors smoothened, enable a feasible B05 SCF algorithm. Still, the computational cost of it is very high in the original
implementation, since the exact-exchange energy density used in
Eq. (4) is required at each grid point:

qr U exact
 V exact
r
X r ðrÞ
¼

Z
X r r
Plm Pkx /l ðrÞ/k ðrÞ

lmkx

1
ð/ ðr0 Þ/x ðr0 ÞÞdr0 ;
jr  r0 j m
ð15Þ

where /s are atomic basis functions, Plm are density matrix eleat each grid point
ments. As one can see, the calculation of V exact
Xr
using Eq. (15) requires looping over four atomic indexes. This has
a computational cost similar to that of calculating the total HF energy analytically. There are thousands of grid points for each atom,
making it prohibitively expensive. In this work we explore a cost-
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effective alternative of calculating V HF
X based on a speciﬁc use of the
resolution-of-identity (RI) approximation [13]. We ﬁrst expand a given basis-function pair (BFP) /m /x as a linear combination of auxiliary basis functions Xm of Gaussian type with C lmm being the RI ﬁtting
coefﬁcients.

/l ðrÞ/m ðrÞ 

X lm
C m X m ðrÞ;

ð16Þ

m

Using this expansion in the density of molecular-orbital (MO)
pairs qij gives:

qrij ðrÞ ¼

X r r lm
X ij;r
C il C jm C m X m ðrÞ ¼
C m X m ðrÞ;
lmm

ð17Þ

m

where C ril are the MO coefﬁcients of the occupied MOs. This leads to
(the spin index r is omitted for abbreviation):

V exact
¼
X

X
mn



X

X m ðrÞ

Z

occ
X
1
0
0
ðr
Þdr
C ijm C ijn
X
n
jr  r0 j
ij

V mn ðrÞBmn :

ð18Þ

mn

In contrast to Eq. (15), the calculation of the approximate Vmn(r)
with Eq. (18) involves only two atomic function indices, effectively
reducing the scaling of calculation by two orders.1 The evaluation
of Bmn is a linear-algebra operation that does not depend of the
numerical grid.
Finally the B05 SCF potential is obtained after taking the derivatives of the new energy components (Eq. (1) + Eq. (10)) with respect to P, following the standard methodology, ca. Ref. [14]:
r
F nd;
lm ¼

@ðEnd-op
þ End-par
Þ
C
C
:
@Prlm

ð19Þ

The resulting expressions are quite complicated and lengthily
and
and will be presented elsewhere. It sufﬁces to say that End-op
C
are
now
fully
differentiable
due
to
the
improved
analytical
End-par
C
interpolation of relaxed BR exchange-hole function and the removal of the discontinuities in the original B05 model. Furthermore, the computational efﬁciency is dramatically improved.
The above algorithm is implemented in a development version
of Q-CHEM Program [15]. All calculations are carried out using
G3LARGE basis set [16] and an unpruned grid composed of 128 radial points and 194 angular points per atomic region. Converged
LDA electron density is used as initial guess, which greatly improves the B05 SCF convergence. An accurate RI calculation of
the exact-exchange energy density requires auxiliary bases larger
than in most other RI applications. We have created a new RI basis
library by enlarging an existing RI basis [13] in an even-tempered
manner. With the new auxiliary basis the RI error in reproducing
the exact-exchange energy is typically about 107–105 a.u. We
have compared our RI-B05 results with the original published
B05 values [17] of the exact exchange energies and the nondynamic correlation energies of atoms (see Supplementary Table 1,
Appendix B).The mean-absolute-deviation between the two sets
of values is 0.001 a.u. for both properties, which absorbs also the
effects of the different basis set and grid used in Ref. [17].
3. Results and discussions
RI provides a great gain in efﬁciency. For instance, the calculation of the B05 energies of pyrrole and benzene, with a direct
implementation of Eq. (15), takes 447 and 1154 min per iteration,
respectively, on an AMD Opteron processor, and only 8 and 12 min,
respectively, with RI (Supplementary Table 2, Appendix B). This
1

The V matrix needs to be symmetrized before using it.
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technique should be useful also for other functionals employing
, the so-called fourth rung functionals [2]. A different algoV exact
X
rithm for the exact-exchange energy density has been proposed
by Gorling et al. [18]. It uses the basis functions themselves in
the RI expansion, resulting in a convenient formulism that requires
only the standard HF exchange matrix. However, subsequent applications have shown that this method demands large, uncontracted
basis sets [2], which is rather inconvenient for routine calculations.
Our algorithm on the other hand applies to any orbital basis set
from the standard basis set libraries.
A preliminary assessment of RI-B05, with and without SCF, is
done through benchmark calculations of atomization energies,
bond lengths and reaction barriers (Appendix B). The atomization
energies are calculated on the Lap test set of rapid XC assessment
[14,19] (Supplementary Table 3 (Appendix B)). This set has been
used on various occasions before. It provides a sample statistics
for functional assessment that is qualitatively similar to that based
on larger data sets like G2 or G3, while saves a signiﬁcant amount
of time. Becke’s original post-LDA B05 implementation yields very
accurate atomization energies [5]. When used in post-LDA manner,
our RI-B05 gives MAE of 2.18 kcal/mol on the Lap test set. For comparison, M06, B3LYP, and B3tLAP hybrid schemes [20] give MAE of
2.63, 2.17, and 2.08 kcal/mol, respectively, on the same set. The
SCF-RI-B05 atomization energies deviate somewhat more (MAE
of 3.3 kcal/mol). The values are in most cases somewhat smaller
than the original B05 estimates, which shows a possibility of
improvement by re-optimizing the original B05 parameters selfconsistently.
The SCF implementation of RI-B05 allows to assess its accuracy
on optimized geometries. We have calculated the bond lengths of a
series of diatomic molecules from the Lap test set [14]. Previous
studies have shown [14,20] that the B3LYP functional continues
to yield one of the best geometries for small and medium size molecules. It is rather encouraging that the SCF-RI-B05 optimized bond
lengths (MAE 0.0045 Å) are slightly more accurate than those of
B3LYP (MAE 0.0053 Å) on the present test set (Supplementary Table 4, Appendix B). The implementation of the analytic gradient of
RI-B05 is in progress.
An accurate prediction of reaction barriers requires an adequate
description of nondynamic correlation. It is where the benchmarks
by Dickson and Becke [21] have shown the major strength of B05.
Table 1 contains the calculated classical barriers for 18 ‘difﬁcult’
reactions comparing several methods: RI-B05, SCF-RI-B05, M062X, B3tLap, B3LYP.
The ﬁrst two columns of Table 1 compare our post-LDA RI-B05
results with the original post-LDA B05 data of Dickson and Becke
[23]. The agreement between the two is very good. The observed
small deviations between the two sets of data are mainly due to
the different basis sets and grids used. The post-LDA RI-B05 results
have the smallest MAE (1.3 kcal/mol) here, better than the M06-2X
functional [22] (MAE of 1.5 kcal/mol) optimized particularly for
reaction barriers. The accuracy of B3LYP on these reactions is poor
(MAE of 5.5 kcal/mol). The recent hybrid functional B3tLap [20]
shows some improvement over B3LYP here (MAE of 2.9 kcal/mol)
but remains behind B05. The SCF-RI-B05 version slightly underestimates the energy barriers in most cases, compared the original
B05 values, which leads to a slight increase of MAE (1.7 kcal/
mol). This shows again the necessity of re-optimizing the original
B05 parameters in the SCF context.
Having presented a brief assessment of RI-B05, we turn to one
uncharted application of this method, the subtle case of cis NO dimer (ONNO). This is an exemplary system of strong nondynamic
correlation that is rather difﬁcult to describe. The usual Lewis picture of each monomer sharing a single electron to form a covalent
N–N bond pair is not adequate here. Instead, the experiment
indicates a very weak binding energy (De) of the order of
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Table 1
The classical barriers for 18 ‘most difﬁcult’ reactions (f = forward, r = reverse).
B05/Ba

RI-B05b

RI-B05-SCF

M06-2X

B3tLap

B3LYP

Ref.c

f
r
f
r
f
r

6.0
9.0
17.4
8.3
12.7
3.0
35.5
10.3
6.0
21.5
3.6
13.7
2.7
17.6

f
r

9.6
16.0

5.8
9.2
17.7
7.8
12.8
3.0
35.1
10.4
5.6
21.3
3.2
13.2
3.1
17.9
15.8
14.2
9.8
15.7
1.3

4.1
7.0
17.0
6.7
11.4
1.7
30.6
8.8
3.5
19.0
2.4
12.0
2.3
16.1
8.9
7.1
8.2
13.7
1.7

4.3
6.8
18.1
9.2
11.7
1.0
31.5
11.6
4.6
20.8
2.2
11.8
4.5
18.1
7.3
7.1
10.1
15.8
1.5

3.8
6.3
16.3
7.3
9.0
3.6
26.8
7.5
3.1
17.4
0.5
8.9
2.6
16.5
4.2
5.0
6.7
14.1
2.9

0.7
4.4
12.7
4.0
6.2
5.6
23.2
4.3
0.8
13.3
2.3
7.2
0.4
15.9
1.5
4.4
3.7
13.2
5.5

5.7
8.7
18.0
10.7
13.1
1.8
33.4
9.6
5.1
21.2
3.2
12.7
3.5
17.3
9.8
10.4
7.3
13.8

Reaction
H + HCl M H2 + Cl

f
r

H + HCl M HCl + H
H + OH M H2 + O

f
r
f
r

F + H2 M HF + H
H + H2 M H2 + H
OH + H2 M H + H2O
OH + NH3 M H2O + NH2
H + H2S M HS + H2
O + HCl M OH + Cl
H + CH3OH M H2+CH2OH
MAE on 18 reactions
a
b
c

Results from post-SCF-B05 of Ref. [21].
Post-SCF-RI-B05 results of the present work.
Best available reference values from the Truhlar’s online data base (http://comp.chem.umn.edu/database).

Table 2
Singlet–triplet split DT–S (kcal/mol), dimerization energy De (kcal/mol, BSSE corrected), and geometry (RN–N and RN–O in Å, \NNO in degree) of cis NO dimer ONNO.
HF

DT–S
De
RN–N
RN–O
\NNO
a
b
c

49.2
49.6
1.613
1.132
110.1

B3LYP
2.3
3.1
1.972
1.147
101.5

BP
4.9
9.7
2.045
1.160
99.9

B3tLap
+0.3
0.9
1.982
1.149
102.4

M06-2X
+4.0
6.7
1.828
1.143
104.4

SCF-B05
+5.5
3.5
1.994
1.150
101.5

MRCI

Exptc

b

+6.3
3.3a
2.284a
1.149a
96.1a

2.9–3.3
2.263
1.152
97.17

Results of Ref. [24].
DT–S = E(3B1)  E(1A1) from Ref. [25]. Positive DT–S means the singlet is more stable.
Data from Refs. [28,29].

2.9–3.3 kcal/mol [23], the cis ONNO conﬁguration being the most
stable. It has been found by several multi-reference (MR) studies
[24–27] that the NO dimer bonding has a strong multi-reference
character, the most stable conformation being indeed the singlet
cis form, with 1A1 type ground state and De  3.3 kcal/mol, in good
agreement with the experiment. The closest triplet state, 3B1, is
about 6.3 kcal/mol higher [25]. Wavefunction methods based on
single HF reference such as MP2, and even CCSD(T), fail to predict
the correct energy ordering here [23,27]. The early DFT studies reported in literature [23] give a triplet ground state, in contradiction
to experiment. Table 2 summarizes our results for the singlet state
dimerization energy and the singlet–triplet split of cis ONNO obtained with SCF-RI-B05 and several other methods, along with
benchmarks from MRCI and experiment. The singlet–triplet split
is calculated at the optimized geometries of both respective states.
HF yields the wrong ground state (the triplet) which is off by a
large margin (49 kcal/mol). B3LYP fails too in a similar way but
with much smaller margin. The recent hybrid functionals, B3tLap
and M06-2X give a qualitatively correct singlet–triplet ordering,
but rather small split compared to the MRCI benchmark. The
SCF-RI-B05 estimate is the closest to the MRCI benchmark here.
Considering next the dimerization energy, the SCF-RI-B05 estimate
is in excellent agreement with MRCI and experiment. HF and all
the hybrid DFT methods predict an unbound dimer, with HF being
off by the largest margin. The dimerization energy obtained with
the pure-GGA method BP (Becke 88 exchange with Perdew 86 correlation) has the right sign, but is too large. The single-determinant
methods (HF and DFT) yield shorter N–N distances and larger N–

N–O angles than the benchmark values. The SCF-RI-B05 scheme
produces relatively better N–N bond length among the methods
that yield singlet ground state, but still it is too short. We have calculated the ONNO energy also at its ﬁxed experimental geometry.
All the methods tested here yield slightly smaller De and DT–S at
the experimental ONNO geometry. The SCF-RI-B05 gives in this
case De = 2.77 kcal/mol, DT–S = 5.3 kcal/mol, still in excellent agreement with the experiment.
The failure of HF for this strongly correlated system is no surprise, given the lack of electron correlation in this method and
the large separation of the two NO monomers. This causes an artiﬁcially strong delocalization of the HF exchange hole. Unlike HF,
the exchange–correlation hole underlying the popular pure-GGA
functional BP is localized in space. This provides a signiﬁcant
improvement over HF, but still fails to give the right singlet–triplet
ordering and over-binds the dimer. B05 compensates precisely the
artiﬁcial delocalization of the HF exchange, after measuring it at
each point in space, and yields the right energetics for this system.
The subtle nondynamic correlation here cannot be properly described without explicitly including it in the underlined physical
model.

4. Conclusions
Combining a 100% HF exchange with a proper correlation functional has been a long-standing problem in DFT. The recently
developed B05 functional by Becke is a breakthrough along this
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line. However, its original formulation is prohibitively expensive.
In this work we represent the B05 functional in a fully analytic,
continuous form that allows a consistent and efﬁcient SCF implementation, with a considerable speed up. The preliminary validation results promising: SCF-RI-B05 yields excellent reaction
barriers, especially concerning ‘difﬁcult’ reactions, and very good
bond lengths of diatomic molecules. It describes quite well (for
the ﬁrst time with DFT) the subtle energetics of the NO dimer, an
exemplary system of strong nondynamic correlation. Further tests
are ongoing to assess more fully this method, and to ﬁnd ways of
improving it further.
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d6 = 0.0003404244647727309.
e0 = 33.6051707672429; e1 = 46.23703278485152;
e2 = 26.8894984040501; e3 = 6.007166968496472;
e4 = 0.392204000640807; e5 = 0.005438465669613952;
e6 = 0.0000078437439010087.
Appendix B. Supplementary data
Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.cplett.2010.05.029.
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Appendix A
The two interpolation coefﬁcients in Eq. (6) read
a1 = 0.9301841768238374, a2 = 0.5485569431916153.
The values of the coefﬁcients ci and bi entering Eq. (7) read:
c0 = 5.968528012907202; c1 = 2.183747742603848;
c2 = 4.985886441243756; c3 = 1.134161212063683;
c4 = 1.692142642619975; c5 = 0.5708959538346894;
b0 = 5.968528013066088; b1 = 2.030780232084790;
b2 = 4.679675048001286; b3 = 1.118849057754117;
b4 = 1.808705503402923; b5 = 0.5922648216175291.
The values of the coefﬁcients di and ei entering Eq. (8) read:
d0 = 268.8413661379433; d1 = 469.6693640414017;
d2 = 331.7800151829805; d3 = 99.40088877152307;
d4 = 8.786661786414733; d5 = 0.1643722176146135;
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